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A dynamic geometric data stream is a sequence of m ADD/REMOVE operations of points from
a discrete geometric space {1,...,∆}d 25 . ADD(p) inserts a point p from {1,...,∆}d into the
current point set P, REMOVE(p) deletes p from P. We develop low-storage data structures to
(i) maintain ε-nets and ε-approximations of range spaces of P with small VC-dimension and (ii)
maintain a (1 + ε)-approximation of the weight of the Euclidean minimum spanning tree of P.
Our data structure for ε-nets uses O

(
( log(1/δ)

ε + D
ε log

D
ε ) · d2 · log2(∆/δ)

)
bits of memory

and returns with probability 1 − δ a set of Õ(D+ log(1/δ)
ε ) points that is an ε-net for an arbi-

trary fixed finite range space with VC-dimension D a. Our data structure for ε-approximations uses
Õ

(
D+ log(1/δ)

ε2 · d2 · (log2 ∆ · log(1/δ)+ log2(1/δ))
)
bits of memory and returns with probabil-

ity 1−δ a set of Õ(D+ log(1/δ)
ε2 ) points that is an ε-approximation for an arbitrary fixed finite range

space with VC-dimension D. The data structure for the approximation of the weight of a Euclidean
minimum spanning tree uses O(log(1/δ)(log∆/ε)O(d)) space and is correct with probability at
least 1−δ.

Our results are based on a new data structure that maintains a set of elements chosen (almost)
uniformly at random from P.

Keywords: Randomized algorithms, data streaming, random sampling, minimum spanning trees, ε-
nets, ε-approximations

1. Introduction

The prevalence of high-rate information sources in todays society results in massive data
sets occuring in the form of data streams. A prominent example for such a data stream
is the internet traffic at a backbone router. Assume we want to maintain some statistics
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about the routed packets. It is too costly to store the required information (e.g., source and
destination) for every packet routed. A much more attractive solution is to design an algo-
rithm which computes the desired statistic using only very limited space. Such a streaming
algorithm maintains only a sketch (or synopsis) of the data seen so far.

Applications of data streaming algorithms include sensor networks, astrophysical data,
and (spatial) data bases. In the latter applications data streams are of geometric nature, and
thus the stream items represent a set P of geometric objects, e.g. points in a d-dimensional
space. In many cases, the stream is dynamic, that is, it contains insertions as well as dele-
tions of points. Algorithms over such data streams can be viewed as low-storage data struc-
tures maintaining certain statistics under insertions and deletions of points.

In this paper we provide randomized streaming algorithms for three well-studied geo-
metric problems over dynamic geometric streams:

(1) Maintaining an ε-net of P; that is, a subsetN ⊂ P such that for any rangeR from a fixed
family of ranges of VC dimensionD (e.g., set of all rectangles), we have |N ∩ R| > 0,
if |R∩P|

|P| ≥ ε. We show how to maintain an a set of Õ(D+log(1/δ)
ε ) points that with

probability 1 − δ is an ε-net of P.
Our data structure uses O

(
( log(1/δ)

ε + D
ε log

D
ε ) · d2 · log2(∆/δ)

)
space.

(2) Maintaining an ε-approximation of P; that is, a subsetA ⊂ P, such that for any rangeR

from a fixed family of ranges of boundedVC dimensionD, we have |A∩R|
|A| = |R∩P|

|P| ±ε.
In this case our algorithmmaintains a set of Õ(D+log(1/δ)

ε ) points that with probability
1 − δ is an ε-approximation.

Our data structure uses Õ
(

D+log(1/δ)
ε2 · d2 · (log2 ∆ · log(1/δ) + log2(1/δ))

)

space.
The ε-approximations have applications to many other problems, including Tukey

depth, simplicial depth, regression depth, the Thiel-Sen estimator, and the least median
of squares 4.

(3) Maintaining a (1+ ε)-approximation of the cost of minimum weight tree spanning the
points in P. This quantity in turn enables to achieve constant factor approximations for
other problems, such as TSP or Steiner tree cost. Our algorithms use spaceO(log(1/δ)·
(log∆/ε)O(d)), and is correct with probability 1 − δ.

We note that our first two results require that, at the time when the ε-net or ε-
approximation is requested, the maintained set P does not contain duplicate points, i.e.,
is not a multi-set. See the discussion in the next paragraph for more details.

The above results are obtained by using a subroutine ”Dynamic Sampling”, which is
formally defined in Section 3 and does the following. Consider a sequence of insertions
and deletions of elements of a finite universe [U] = {0, . . . , U − 1}. In the geometric set-
ting [U] corresponds to the set of all possible point coordinates. In this case, the stream
represents a multi-set P of elements from [U]. The subroutine maintains a random element,
chosen (almost) uniformly at random from the set of elements occuring in P. Note that
each element has (approximately) the same probability of being selected, independently of
its multiplicity in P.
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By maintaining several instances of the sampling data structure, we obtain a random
sample representing P. Such a procedure yields an ε-approximation of desired size as long
as P is a set (without multiplicities) b, at the time step when the sample was generated.

To compute the weight of the Euclidean minimum spanning tree the above sampling
procedure is used in a more subtle way. It is known that the EMST weight can be expressed
as a formula depending on the number of connected components in certain subgraphs of
the complete Euclidean graph of the current point set 9,14. We use an algorithm from 9 to
count the number of connected components in these subgraphs. This algorithm is based on
a BFS-like procedure starting at a randomly chosen point p. The BFS runs for a constant
number of rounds only and one can show that it can never leave a ball around p of certain
radius. Therefore, it suffices to maintain a random sample point and all points in a certain
radius around this sample point. This task can also be approximately performed by a variant
of our sampling routine.

It might initially appear that any algorithm performing the above task of maintaining
a random element might require Ω(U) space. This is because, given a state of the algo-
rithm, one could retrieve all the points in the multiset P by repeatedly choosing a random
element of P and deleting it. To avoid this problem, we assume that the stream of update
operations is oblivious to the random bits used by our algorithm. That is, we assume that
the data stream is constructed before the algorithm chooses its random bits. We show that,
in this case, one can maintain with probability (1/4)6 − δ a random element chosen al-
most uniformly at random using only O(log2(UM/δ)) space (where M is the maximum
multiplicity of an element from [U]).

Using a similar argument, one can observe that any deterministic algorithm for main-
taining ε-approximation in the dynamic setting must useΩ(∆d) space. This is because we
can retrieve all elements in P, by repeatedly removing points belonging to the approxima-
tion. This implies that the deterministic approaches used for the insertions-only case (see
Previous work) cannot be applied here.

We mention that the idea of random sampling under insertions and deletions appeared
earlier in 17. However, their algorithm was only able to perform a (much more restrictive)
task of implicit sampling. In particular, it was not able to return an actual element of the set
P, but only some of its properties.

1.1. Previous work

One of the first geometric problems studied in the streaming model was to approximate
the diameter of a point set in the plane 16 using O(1/ε) space. Later this problem has
also been considered in higher dimensions 26, where an algorithm with space complexity
O(dn1/(c2−1)) to maintain a c-approximate diameter for c >

√
2 has been obtained. Chan

and Sadjad proposed an algorithm to maintain an approximation of the diameter in the slid-
ing window model 8. In this model one considers an infinite input streams but only the last

bTo obtain an ε-approximation of a multi-set, we would need a procedure which samples elements from P with
probability proportional to their multiplicity in P. However, our procedure does not support this function.
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n elements are relevant (the window). They gave a (1 + ε)-approximation algorithm for
fixed dimension, which stores O(( 1

ε )(d+1)/2 log R
ε ) points and where R denotes the ratio

between the diameter and the smallest pairwise distance between two points in the window.
Cormode and Muthukrishnan introduced the radial histogram 10 to approximate different
geometric problems in the plane. A radial histogram is a subdivision of the plane given by
concentric circles around a center point and halflines starting at the center. This way we
can assign every point in the stream to a cell of the radial histogram. Problems that can
be approximated via radial histrograms include the diameter, convex hull, and the furthest
neighbor problem. Hershberger and Suri showed how to maintain a set of 2r points such
that the distance from the true convex hull of the points seen so far is O(D/r 2) where D

is the current diameter of the sample set 23. Agarwal et al. introduced a framework for
approximating various extent measures of point sets for constant dimension 2. Their tech-
nique can be used to obtain streaming algorithm for problems like the diameter, width,
smallest bounding box, ball and cylinder of the point set. Chan used this framework to de-
velop improved streaming algorithms (using less space than previous ones) for a number of
geometric problems with constant dimension including diameter, width, minimum-radius
enclosing cylinder, minimum width enclosing annulus, etc.

Har-Peled andMazumdar gave (1+ε)-approximation algorithms for the k-median and
k-means problem 21. Their algorithm is based onmaintaining a small weighted set of points
that approximates the original point set with respect to the k-median or k-means problem.

Bagchi et al. gave a deterministic streaming algorithm that maintains ε-nets and ε-
approximations 4. They apply their algorithm to approximate several robust statistics in
data streams including Tukey depth, simplicial depth, regression depth, the Thiel-Sen esti-
mator and the least median of squares. Since their algorithm is deterministic it cannot be
extended to the dynamic streaming model. Suri et al. gave both deterministic and random-
ized algorithms to compute a (weighted) ε-approximation for ranges that are axis-aligned
boxes 31.

The model of dynamic geometric data streams has been introduced in 25. In 25

O(d · log∆)-approximation algorithms for (the weight of) minimum weighted matching,
minimum bichromatic matching and minimum spanning tree are given. Further results
were given for the facility location problem and the k-median problem. In 17 (1 + ε)-
approximation algorithms were given for a number of problems including k-median, k-
means, MaxCut, maximum spanning tree, and MaxTSP.

For other work on streaming algorithms we refer to the survey by Muthukrishnan 29.
The problem of estimating the weight of a minimum spanning tree has been considered

in the context of sublinear time approximation algorithms. The first such algorithm for
the minimum spanning tree weight is designed for sparse graphs and computes a (1 + ε)-
approximation 9. It has a running time of Õ(D · W/ε2) when the edge weights are in a
range from 1 toW and the average degree of the input graph isD. In the geometric context
a Õ(

√
n/εO(1)) time (1 + ε)-approximation algorithm was given, if the point set can be

accessed using certain complex data structures 13. In the metric case one can compute a
(1 + ε)-approximation of the minimum spanning tree weight in O(n/εO(1)) time 14.
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2. Preliminaries

We will use [U] to denote the set {0, . . . , U − 1}. In the geometric setting we will assume
that points are from the discrete d-dimensional space [∆]d. Although such assumptions are
not very common in computational geometry, they are typically satisfied in practice when
bounded precision arithmetic is used. In streaming algorithms the assumption of bounded
precision is common because otherwise the notion of storage is not well defined (e.g., one
cannot use discrete communication complexity tools to prove lower bounds).

In the dynamic streaming model it is assumed that algorithms have access to a sequence
of m update operations either being an ADD or REMOVE operation of a point from the d-
dimensional discrete geometric space [∆]d. These operations arrive in an arbitrary order
and they can only be accessed one after the other, i.e. there is no random access to the
input. We assume that the input sequence is valid, i.e. a point can only be removed, if it has
been added to the point set before.

3. Dynamic Sampling

In this section we first consider a non-geometric streaming problem. We are interested
in maintaining a random sample from the set of non-zero entries of a vector x =

(x0, . . . , xU−1) from [M]U. The distribution of this sample should be (almost) uniform.
We consider this problem in a dynamic model, which is sometimes called the turnstyle
model 29. In this model, we are given a sequence of update operations on x, which is ini-
tially 0. Each UPDATE(i, a) adds a to the value xi, where a is a number in the range
{−M, . . . , M} and will always lead to an xi value within {0, . . . , M}. Our structure does
not verify this assumption. Thus, at any moment, 0 ≤ x i ≤ M for i ∈ [U]. Let Supp(x) be
the set of indices i such that xi > 0. We use notation ‖x‖0 = |Supp(x)|. The data structure
is parametrized by two numbers ε, δ > 0. The operations are as follows:

• UPDATE(i, a): performs xi ← xi + a, where i ∈ [U], a ∈ {−M . . .M}.
• SAMPLE: returns either a pair (i, xi) for some i ∈ [U] or a flag FAIL. The procedure
satisfies the following constraints:

– If a pair (i, xi) is returned, then i is chosen at random from Supp(x) such that for
any j ∈ Supp(x),
Pr[i = j] = 1

‖x‖0
± δ .

– The probability of returning FAIL is at most some constant.

Keeping O(s) instances of this data structure it is possible to choose a sample set S

of size s (almost) uniformly at random from the non-zero entries of v. In the setting of
dynamic geometric data streams we will set U = ∆d and identify [U] with [∆]d using a
bijection τ : [∆]d → [U]. An ADD(p) operation translates to τ(p) ← τ(p) + 1 and a
REMOVE(p) operation to τ(p) ← τ(p) − 1. This way it is possible to select a random
sample from a dynamic geometric data stream. But our structure is not limited to this
functionality. In Section 3.5.1 we show how to get a uniformly distributed sample and all
input points that are close to the sample points.
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Our sample data structure uses two elementary data structures. The first such structure
checks whether there is exactly one non-zero entry in x. If this is the case the index of
the entry and its value it returned. The second data structure approximates the number of
non-zero entries in x.

3.1. The Unique Element (UE) Data Structure

The first elementary data structure called UE checks whether there is exactly one non-zero
entry in x. The data structure is deterministic. It supports the following operations on a
vector x = (x0, . . . , xU−1) with entries from [M].

• UPDATE(i, a): as above
• REPORT: if ‖x‖0 (= 1, then it returns FAIL. If ‖x‖0 = 1, then it returns the unique pair

(i, xi) such that xi > 0.

The data structure keeps three counters c0, c1, and c2 which are initialized to 0. Our
UPDATE operation will ensure that cj =

∑
i∈[U] xi · ij at any point of time. The operations

UPDATE and REPORT are implemented as follows:

UPDATE(i, a)

c0 = c0 + a

c1 = c1 + a · i
c2 = c2 + a · i2

REPORT
if c0 · c2 − c2

1 (= 0 or c0 = 0 then return FAIL
else i ← c1/c0

xi ← c0

return (i, xi)

Claim 3.1. Data structure UE uses O(log(UM)) bits of space. It returns FAIL if and only
if ‖x‖0 (= 1. Otherwise, it correctly returns the unique pair (i, xi) with xi (= 0.

Proof : The maximum value of the counters c0, c1, c2 is O(U3 · M) and so the counters
needO(log(UM)) bits. It remains to prove that the data structure correctly recognizes the
case ‖x‖0 = 1 and returns the correct value. From xi ≥ 0 for all i ∈ [U] it follows that
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c0 = 0, if and only if ‖x‖0 = 0. It follows

c0 · c2 − c2
1 =




∑

i∈[U]

xi



 ·
∑

i∈[U]

xi · i2 −




∑

i∈[U]

xi · i




2

=




∑

i∈[U]

xi



 ·
∑

i∈[U]

xi · i2 −
∑

i,j∈[U]

·xi · i · xj · j

=
∑

i,j∈[U]

xixj · j2 −
∑

i,j∈[U]

xi · i · xj · j

=
1

2

∑

i,j∈[U]

xixj · j2 +
1

2

∑

i,j∈[U]

xixj · i2 −
∑

i,j∈[U]

xixj · i · j

=
1

2

∑

i,j∈[U]

xixj(j
2 − 2ij + i2)

=
1

2

∑

i,j∈[U]

xixj(j − i)2 .

Hence, c0 · c2 − c1 > 0 iff ‖x‖0 > 1. The correctness of the data structure follows
immediately. !

3.2. The Distinct Elements (DE) Data Structure

The data structure supports two operations on a vector x = (x0, . . . , xU−1) with entries
from [M]:UPDATE (as above) and REPORT, which with probability 1 − δ returns a value
k ∈ [0, U] such that ‖x‖0 ≤ k ≤ (1+ψ) · ‖x‖0; δ andψ are parameters. The value δ gives
an upper bound on the error probability and ψ is related to the approximation guarantee
of the data structure. One can use a data structure from 19 to solve this problem using
O(1/ψ2 · log(1/ψ) log(1/δ) log(U) log(UM)) bits of space.

3.3. The Sample Data Structure

The basic idea behind our data structure is to use a hash function that maps the universe to
a smaller space [2j]. The value 2j corresponds to a guess of the number of non-zero entries
currently present in vector x. Assuming a fully random hash function every non-zero entry
is mapped to 0 with the same probability. Further, the probability that exactly one non-zero
entry is mapped to 0 can be checked using our unique elements data structure. If this is the
case, our sample data structure returns the corresponding entry (it returns the index and the
value of the entry). We now give the procedure in detail.
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Our data structure uses hash functions hj, j ∈ [logU]. Each hj is of the form hj :

[U] → [2j]. Initially, we assume that each hj is a fully random hash function, we relax this
assumption later. The value 2j corresponds to the guess that, currently, there are roughly 2 j

non-zero entries in x.
In addition, we use:

• Unique Element data structuresUEj, j ∈ [logU], and
• A Distinct Elements data structureDE, with parameters ψ = 1/2 and δ = 1/(8e).

We write UEj.UPDATE to denote an UPDATE operation for data structure UE j. The
operations are implemented as follows:

UPDATE(i, a)

for j ∈ [logU] do
if hj(i) = 0 then

UEj.UPDATE(i, a)

DE.UPDATE(i, a)

SAMPLE
j = )log(DE.REPORT)*
returnUEj.REPORT

Correctness. Assume that DE is correct. Note that this happens with probability at least
1 − 1/(8e). We have UEj.REPORT (= FAIL, iff |Supp(x) ∩ h−1

j (0)| = 1. Since we assume
fully random hash functions, the element reported by UE j is an element chosen uniformly
at random from Supp(x).

It remains to show a lower bound on the probability of |Supp(x)∩h −1
j (0)| = 1. Denote

Sj = h−1
j (0) and ' = |Supp(x)|. By correctness ofDE it follows that ' ≤ 2j ≤ 4'. Thus,

Pr[|Sj ∩ Supp(x)| = 1] = ' · 2−j · (1 − 2−j)$−1 ≥ 1/4 · 1/e = 1/(4e) .

Since the error probability in our distinct elements structure is at most 1/(8e) we obtain
that our algorithm returns a random element with probability 1/(4e) − 1/(8e) = 1/(8e).

3.4. Randomness

We introduce two different methods to overcome the assumption of totally random hash-
functions and achieve space complexity polylogarithmic inM andU. First we will present
a general approach based on a lemma from 24. The method introduces a small additive
error in the probability to sample a fixed element. This error can be translated into a small
multiplicative error of ε. However, the method is difficult to implement and for many appli-
cations a multiplicative error is sufficient. In Section 3.4 we will present a method based on
pairwise independent hashfunctions. It is easy to implement but introduces a multiplicative
error in the probability to sample a fixed element. One can use our second method to obtain
similar results for sampling in data streams, ε-nets, ε-approximations and approximations
of the minimum spanning tree weight, etc. . However, due to the multiplicative error these
results are slightly worse than those obtained using the first method.

We use a lemma from 24 to replace the assumption of fully random h j.
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Lemma 1. 24 Consider an algorithm A which, given a stream S ′ of pairs (i, a), and a
function f : [n ′]× {0, 1}R

′ × {−M ′ . . .M ′} → {−M ′O(1) . . .M ′O(1)}, does the following:

• Set O = 0; Initialize length-R ′ chunks R0 . . . R[n ′] of independent random bits.
• For each new pair (i, a): perform O = O + f(i, Ri, a).
• Output A(S ′) = O.

Assume that the function f(·, ·, ·) is supported with an evaluation algorithm usingO(C+R ′)

space andO(T) time. Then there is an algorithmA ′ producing outputA ′(S), that uses only
O(C + R ′ + log(M ′n ′)) bits of storage andO([C + R ′ + log(M ′n ′)] log(n ′R ′)) random
bits, such that

Pr[A(S) (= A ′(S)] ≤ 1/n ′

over some joint probability space of randomness of A and A ′. The algorithm A ′ uses
O(T + log(n ′R ′)) arithmetic operations per each pair (i, a). ,-

For each fixed j our algorithm uses the hash function h j to select a subset Sj := {i ∈
[U] : hj(i) = 0} of indices. Each index is in the set Sj with probability 1/2j. The UE data
structure maintains the values c0 =

∑
i∈Sj

xi, c1 =
∑

i∈Sj
xi · i, and c2 =

∑
i∈Sj

xi · i2.
Instead of using a hash function hj to select the set Sj we can use chunks R0, . . . , RU−1

of logU random bits each. We select Sj as

Sj := {i ∈ [U] : first j bits of Ri are all 0} .

Again each index i ∈ [U] is selected to be in the set Sj with probability 1/2j. An update
(i, a) on the UE data structure then simply adds the functions f0 to c0, f1 to c1, and f2 to
c2, where

• f1(i, Ri, a) :=
{

0 iff first j bits of Ri %=0

a iff first j bits of Ri=0

• f2(i, Ri, a) :=
{

0 iff first j bits of Ri %=0

a·i iff first j bits of Ri=0

• f3(i, Ri, a) :=
{

0 iff first j bits of Ri %=0

a·i2 iff first j bits of Ri=0

Using Lemma 1 with values n ′ = 1/δ + U, M ′ = U · M, R ′ = log(U), and C =

log(UM) we can replace the random bits Ri by O([C + R ′ + log(M ′n ′)] log(n ′R ′)) =

O(log(UM/δ) log(U/δ)) random bits. We use the same random bits for all j and get an
algorithm having the desired properties and using just O(log2(UM/δ)) bits of storage.
The distribution changes by less than δ.

Lemma 2. Let δ > 0 be an error probability parameter. Given a sequence of update
operations on a vector x = (x0, . . . , xU−1) with entries from [M], there is a data structure
that with probability at least (1/(8e)) − δ returns a pair (i, xi) with i ∈ Supp(x) such that
Pr[i = j] = 1/‖x‖0 ± δ for every j ∈ Supp(x) and returns a flag FAIL otherwise. The
algorithm uses O

(
log2(UM/δ)

)
space. ,-
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A sample data structure using pairwise independent hash functions. In this section we
focus on the development of a sample data structure that only uses pairwise independent
hash functions 6 instead of the approach using a pseudo-random generator. For technical
reasons we will consider a relative error instead of an additive error.

The basic idea behind the second sample data structure is simple. Assume we knew
the number n of non-zero entries in our vector x. Then we could use a hash function h

that maps [U] to a space somewhat larger than n, say to [n/ε]. It is easy to see that such a
hash function has εn collisions in expectation. This means that typically most of the non-
zero entries in x do not collide. We now choose a value α ∈ [n/ε] uniformly at random
and check using the UE data structure whether exactly one non-zero entry was mapped to
α. If this is the case we return the corresponding unique pair (i, x i) with h(i) = α and
xi (= 0. Since there are only few collisions this probability is close to n/(n/ε) = ε. If
we keep O(1/ε) instances of the data structure, one of them is likely to return a pair. We
will show that the index of the returned pair is almost uniformly distributed among the
non-zero entries in x. It remains to deal with the fact that we do not know the value n and
that it changes over time. We will keep logU hash functions h j, 1 ≤ j ≤ )logU* each
corresponding to a guess n ≈ 2j. It will suffice to work with a good guess, which can be
identified using our DE data structure.

We now give a detailed description of our sample data structure. Let δ > 0 be a pa-
rameter for the error probability of our data structure. Our data structure uses O(logU ·
log(1/δ)/ε) pairwise independent hash functions h j,k with j ∈ [)logU*], k ∈ [I], and
number of instances I := )log1−ε/16(δ/2)* = O(log(1/δ)/ε)). Each hj,k is of the form
hj,k : [U] → [T ] with T :=

⌈
2j+1/ε

⌉
and corresponds to the k-th hash function for

the j-th guess, n ≈ 2j. For each hash function we choose a value α j,k, j ∈ [)logU*],
k ∈ [I], uniformly at random from [T ]. Additionally, we need UE data structuresUE j,k for
j ∈ [)logU*] and k ∈ [I]. Each of these data structure is supposed to handle a subset of the
UPDATE(i, a) operations in the input stream. Namely, data structure UE j,k will process
all updates with hj,k(i) = αj,k. We also need one instance of the DE data structure with
ψ = 1 and error probability at most δ/2.

All hash functions, αj,k and UEj,k are initialized during a separate initialization step.
We write UEj,k.UPDATE to denote an UPDATE operation for data structure UE j,k.

The operations UPDATE and SAMPLE are implemented as follows:

UPDATE(i, a)

for j ∈ [logU] do
for k ∈ [I] do
if hj,k(i) = αj,k then UEj,k.UPDATE(i, a)

DE.UPDATE(i, a)
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SAMPLE
j = )log(DE.REPORT)*
if ∀kUEj,k.REPORT=FAIL then return FAIL
k0 ← min{k | UEj,k.REPORT (= FAIL}

return UEj,k0 .REPORT

Lemma 3. Let δ > 0 be an error probability parameter. Given a sequence of update
operations on a vector x = (x0, . . . , xU−1) with entries from [M], there is a data structure
that with probability 1−δ returns a pair (i, xi) with i ∈ Supp(x) such that Pr[i = j] = (1±
ε)/‖x‖0 for every j ∈ Supp(x). The algorithm uses O (log(UM/ε) · logU · log(1/δ)/ε)
space.

Proof : Denote n := |Supp(x)| = ‖x‖0 and assume that DE returns a 2-approximation,
which happens with probability at least 1 − δ/2. Then we can choose j such that n ≤ 2 j ≤
4n. Let k ∈ [I] be fixed. For simplicity of notation we define h = h j,k and α = αj,k. We
say that l ∈ [U] is chosen, if it is the only entry xl from x with xl (= 0 and h(l) = α.

For fixed l, m the probability over the choice of h for the event h(l) = h(m) is 1/T by
pairwise independence. Let us fix an l with xl (= 0. Then we get

Pr[∃mxm (= 0 ∧ h(l) = h(m)] ≤ (n − 1)/T ≤ ε · (n − 1)/2j+1 ≤ ε/2

Since α is chosen uniformly at random from the target space [T ] and independently of
the choice of h, the events h(l) = α and ∃m (xm (= 0 ∧ h(l) = h(m)) are independent.
Therefore,

1

T
≥ Pr[l is chosen] ≥ 1

T
· (1 − ε/2) .

Since these events are disjoint for all l we get
n

T
≥ Pr[any element is chosen] ≥ n

T
· (1 − ε/2) .

It follows for each l with xl (= 0

Pr[l is chosen | any element is chosen] ≥ 1

T
· (1 − ε/2)

/n

T
= (1 − ε/2) · 1/n

and

Pr[l is chosen | any element is chosen] ≤ 1/T

n/T · (1 − ε/2)
= 1/(n·(1−ε/2)) ≤ 1

n
(1+ε) .

Thus, when an element is chosen, it is chosen almost uniformly at random from Supp(x).
It remains to show that for at least one k an element is chosen. From the argumentation
above it follows:

Pr[any element is chosen] ≥ n

T
(1−ε/2) =

εn

2j+1
(1−

ε

2
) ≥ ε

8
(1−

ε

2
) = (2−ε)

ε

16
≥ ε

16

Note that our data structure fails exactly when the data structure DE does not work (prob-
ability δ/2) or when no element is chosen for all k. No element is chosen, when for all k
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the data structure UEj,k fails. Since the number of instances I is
⌈
log(1−ε/16) (δ/2)

⌉
we

know that the probability that no element is chosen for any k is at most (1−ε/16) I ≤ δ/2.
Hence the overall probability of error is at most δ and our data structure is correct with
probability at least 1 − δ.

The algorithm uses O(logU · log(1/δ)/ε) hash functions, α j,k values and UE data
structures. Each hash function uses O(logU) space, each α j,k value uses O(log(U/ε))

space and each UE data structures uses O(log(UM)) space. The DE data structure uses
O(log(1/δ) log(U) log(UM)) space.

Hence the overall space complexity is O (log(UM/ε) · logU · log(1/δ)/ε). !

3.5. Sampling in Geometric Data Streams

In this section we will discuss some direct consequences of Lemma 2. First, we observe
that we can apply our data structure to the setting of dynamic geometric data streams in
the following way. We will use U = ∆d and M = {0, 1}. An ADD(p) operation with
p = (p0, . . . , pd−1) is implemented as an UPDATE(P, 1) operation with P =

∑
j p0 · ∆j,

i.e. by interpreting p as a ∆-ary number with d digits. In a similar way, a REMOVE(p)

operation translates to UPDATE(P, −1). Using the SAMPLE procedure we can get a pair
(i, xi) having xi = 1, which can be also be re-interpreted as the corresponding unique
point p = (p0, . . . , pd−1) with i =

∑
j p0 · ∆j. Thus we can sample a point from the

current point set. UsingO(s + log(1/δ)) instances of our data structure we obtain

Theorem 1. (Sampling in geometric data streams.) Let δ > 0 be an error probability
parameter. Given a sequence of ADD and REMOVE operations of points from the discrete
space [∆]d, there is a data structure that with probability 1−δ returns s points r0, . . . , rs−1

from the current point set P = {p0, . . . , pn−1} such that Pr[ri = pj] = 1
n ± δ

∆d for every
j ∈ [n] and returns a flag FAIL otherwise. The points are chosen independently and may
contain duplicates. The algorithm uses O

((
s + log(1/δ)

)
· d2 · log2(∆/δ)

)
space.

Proof : We apply Lemma 2 with error probability parameter δ/∆d and invoke 213 · (s +

ln(1/δ)) instances of the data structure, each working with independent random choices.
Let Y denote the random variable for the number of instances that return a random element.
We assume that 1/(8e) − δ/∆d ≥ 2−10 since otherwise we can simply store all elements
in constant space. Hence, E[Y] ≥ 8 · (s + ln(1/δ)) and

Pr[Y < s] ≤ Pr[Y ≤ (1 − (1/2))E[Y]] ≤ e(1/2)2·E[Y]/2 ≤ δ .

!

We remark that Theorem 1 requires that no point in P occurs more than once, i.e. P
is not a multiset. Before we apply this theorem to get ε-nets and ε-approximations of the
current point set, we will derive two simple consequences. First we will show that we can
recover the current point set P, if we spend space slightly larger than the size of P. This
will be useful in situations when there are many insertions in the data stream followed by
almost the same number of deletions, i.e. when the current point set is very small.
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Corollary 1. Let δ > 0 be an error probability parameter. Given a sequence of ADD and
REMOVE operations of points from the discrete space [∆]d, there is a data structure that
with probability 1 − δ returns the current point set P = {p0, . . . , pn−1}. The algorithm
uses O

(
n(logn+ log(1/δ)) · d2 · log2(∆)

)
space.

Proof : Let δ > 0 be given. We apply Theorem 1 with parameters s = n(lnn + ln(2/δ))
and error probability parameter 1/2. Following the proof of Theorem 1 we get with prob-
ability at least 1 − δ/2 a random sample of size s. Let us fix an arbitrary point p ∈ P. We
have

Pr[∀i∈[s] : p (= ri] ≤
(
1−

1

n
+

1/2

∆d

)s ≤
(
1−

1/2

n

)s ≤
(
1−

1

2n

)s ≤ e− lnn−ln(2/δ) =
δ

2n
.

It follows

Pr[∀p∈P∃ri : ri = p] ≤ n · δ

2n
≤ δ/2 .

Therefore, the overall probability of failure is at most δ and the corollary follows. !

The second consequence can be obtained by translating Theorem 1 (which uses inde-
pendent draws and thus the sample set may contain multiple copies of the same point) to
the case of sampling of random subsets.

Corollary 2. Let s ≤ n/2 and let δ > 0 be an error probability parameter. Given a
sequence of ADD and REMOVE operations of points from the discrete space [∆]d, there is
a data structure that with probability 1 − δ returns a subset S = {r0, . . . , rs−1} of s points
from the current point set P = {p0, . . . , pn−1} such that Pr[pj ∈ S] = s

n ± δ
∆d for every

j ∈ [n]. The algorithm uses O
((

s + d · log(∆/δ)
)
· d2 · log2(∆/δ)

)
space.

Proof : Let us first assume that we have a data structure that returns a point distributed
exactly uniformly among the current point set. Then we can select s ′ = c ·

(
s + log(1/δ)

)

points r ′
0, . . . , r ′

s ′ from P uniformly at random with repetitions, where c is a suitable con-
stant. Since s ≤ n/2 we know that for each r ′

i we have with probability at least 1/2 a point
that is not among the previously chosen points. And so we get that with probability at least
1 − δ/2 we have at least s distinct points among r ′

0, . . . , r ′
s ′ for c large enough. If there are

more than s distinct points among r ′
0, . . . , r ′

s for c we choose s points uniformly at random
from the distinct points. Clearly, the computed point set is distributed uniformly at random.

It remains to deal with the fact that Theorem 1 does not provide us with an exactly
uniform distribution. We will use error probability parameter δ/(2 · s ′ · log(1/δ) ·∆2d) ≤
δ/(2·s ′ ·∆d)when we apply the theorem. Each ri is chosen according to a distribution that
has a statistical difference to the uniform distribution of at most (δ/(2 · s ′ ·∆d))/∆d ·n ≤
δ/(2 · s ′ ·∆d) (for each possible outcome of ri we deviate at most δ/(2 · s ′ ·∆d)/∆d from
the uniform distribution). Since we choose s ′ elements the overall statistical difference of
our process to the ideal one described above is at most δ/(2∆d) ≤ δ/2. Therefore, the
overall probability of error is at most δ and Pr[p j ∈ S] = s

n ± δ
∆d for every j ∈ [n]. !
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3.5.1. Random Sampling with Neighborhood Information

We now want to develop a more sophisticated sampling strategy. We would like to draw a
set of points (almost) uniformly at random and for each point we also would like to know its
neighborhood, for example all points within a distance of at most z or all points in a square
with side length z centered at the random point. Formally, we define a neighborhood in the
following way.

Definition 1. Let V = {v0, . . . , vZ−1} denote a set of grid vectors with v0 = (0, . . . , 0).
We define the V-neighborhood of a point p to be the setN (V, p) =

⋃
i∈Z{p + vi}. We call

Z = |V | the size of the V-neighborhood.

We will typically assume that the size Z of a V-neighborhood is small, i.e. polyloga-
rithmic. It remains to show that we are able to get information about the V-neighborhoodof
a sample point. This can be achieved in the following way. We use Lemma 2 withU = ∆d

and M = ∆Zd to map the problem from the discrete Euclidean space to a vector prob-
lem. We identify each element from [U] with a vector x i = (q0, . . . , qZ−1) with entries
qi from [∆]d. Hence, every entry of our vector x will itself be a vector representing the
neighborhood of a point. An ADD(p) operation then translates to Z UPDATE(q i, ∆

di) op-
erations, where qi = p − vi for vi ∈ V . In a similar way, a REMOVE(p) translates to Z

UPDATE(qi, −∆di) operations.
By Lemma 2 we have a data structure that returns a random element from the support

of x. However, we would like to have a sample from those entries x i = (q0, . . . , qZ−1)

that have q0 (= 0. Let I = {(i, xi) : xi = (q0, . . . , qZ−1) with q0 (= 0}. We observe that
|I| · Z ≥ ‖x‖0. Let us first assume that the element returned by the data structure from
Lemma 2 is distributed exactly uniformly.We proceed similarly as in the proof of Theorem
1. If we pick a sample of size s∗ = )c · Z · ln(1/δ)* for suitably chosen constant c we get
with probability 1 − (1 − 1/Z)'Z ln(1/δ)( ≥ 1 − δ at least one random element from I. If
we have more than one element we pick one of them uniformly at random. This way, we
get a single random element from I.

Finally, we want to take into accout that the distribution in Lemma 2 is not exactly
uniform and that there is a probability of failure. Using error probability parameter δ/(2 ·
s∗ · ∆d) we get that the statistical difference from the same process with exactly uniform
distribution is at most δ/∆d. Hence, we can conclude

Corollary 3. Let the set V = {v0, . . . , vZ−1} be fixed. Let δ > 0 be an error proba-
bility parameter. Given a sequence of ADD and REMOVE operations of points from the
discrete space [∆]d, there is a data structure that with probability 1 − δ returns a point
r from the current point set P = {p0, . . . , pn−1} such that Pr[r = pj] = 1

n ± δ
∆ for ev-

ery j ∈ [n]. Additionally, the algorithm returns the set P ∩ N (V, r). The algorithm uses
O

(
Z3 · log(1/δ) · d2 · log2(∆/δ)

)
space. ,-

Using error probability parameter δ/∆d and running s instances of the data structure
from Corollary 3 we get
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Corollary 4. Let the set V = {v0, . . . , vZ−1} be fixed. Let δ > 0 be an error proba-
bility parameter. Given a sequence of ADD and REMOVE operations of points from the
discrete space [∆]d, there is a data structure that with probability 1 − δ returns s points
r0, . . . , rs−1 from the current point set P = {p0, . . . , pn−1} such that Pr[ri = pj] = 1

n± δ
∆

for every j ∈ [n]. The points are chosen independently and may contain duplicates. Addi-
tionally, the algorithm returns the sets P ∩ N (V, ri) for every i ∈ [s]. The algorithm uses
O

(
s · Z3 · d2 · log3(∆/δ)

)
space. ,-

3.6. ε-Nets and ε-Approximations in Data Streams

A consequence of Theorem 1 is that we can get ε-nets and ε-approximations of the current
point set. We briefly recapitulate the definitions required for ε-nets and ε-approximations,
which can, for example, be found in 1.

Definition 2. Let X be a set of objects and R be a family of subsets of X. Then we call the
set system Σ = (X, R) a range space. The elements of R are the ranges of Σ. If X is a finite
set, then Σ is called a finite range space.

Definition 3. The Vapnik-Chervonenkis dimension (VC-dimension) of a range space Σ =

(X, R) is the size of the largest subset of X that is shattered by R. We say that a set A is
shattered by R, if {A ∩ r|r ∈ R} = 2A.

Definition 4. Let Σ = (X, R) be a finite range space. A subset N ⊂ X is called ε-net, if
N ∩ r (= ∅ for every r ∈ R with |r| ≥ ε|X|. A subset A ⊆ X is called ε-approximation, if
for every r ∈ R we have

∣∣ |A∩r|
|A| − |r|

|X|

∣∣ ≤ ε.

Obviously, an ε-approximation is always an ε-net, while the contrary is not necessarily
true.

A Data Streaming Algorithm for ε-Approximations. The following theorem by Vapnik
and Chervonenkis shows that for any finite range space with constant VC-dimension D a
random sample of size Õ(D+log(1/δ)

ε2 ) is an ε-approximationwith probability at least 1−δ.

Theorem 2. 32 There is a positive constant c such that if (X, R) is any range space of
VC-dimension at most D, A ⊂ X is a finite subset and ε, δ > 0, then a random subset B of
cardinality s of A where s is at least the minimum between |A| and

c

ε2
·
(
D · log D

ε
+ log

1

δ

)

is an ε-approximation for A with probability at least 1 − δ.

We can now combine Corollary 2 (or Corollary 1 in the case that the current point set
is small) with Theorem 2 to obtain a data structure that with probability 1 − δ returns an
ε-approximation of the current point set.

Theorem 3. Let δ > 0 be an error probability parameter. Given a sequence of ADD
and REMOVE operations of points from the discrete space [∆]d, there is a data struc-
ture that with probability 1 − δ returns a set A of O(D·log(D/ε)+log(1/δ)

ε2 ) points that is
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an ε-approximation of a range space (X, R) with VC-dimension D. The algorithm uses
O

(
1
ε2 (D log D

ε + log 1
δ)d3 log3 ∆

δ

)
space.

Proof : By Theorem 2 a sample set of size a = c
ε2

(
D · log D

ε + log 1
δ

)
is an ε-

approximationwith probability at least 1−δ/3. Let P = {p0, . . . , pn−1} denote the current
point set. We can easily track the size n of P by increasing a counter with every ADD oper-
ation and decreasing it with every REMOVE operation. If n ≤ a we use the data structure
from Corollary 1 to recover P completely.

If n > a we will use our data structure from Corollary 2 to obtain a random sam-
ple of size a. We will use error probability parameter δ/3. This guarantees that the over-
all statistical difference from the same process using the uniform distribution is at most
δ/(3∆d) · n ≤ δ/3. Similarly, the data structure fails with probability at most δ/3. And a
set of size a is with probability 1−δ/3 an ε-approximation. Summing up the errors we get
an ε-approximation with probability 1 − δ.

The space requirement follows immediately from Corollaries 2 and 1 and Theorem 2.
!

A Data Streaming Algorithm for ε-Nets. Haussler and Welzl showed that a random
sample of size Õ(D+log(1/δ

ε ) is an ε-net with probability at least 1 − δ.

Theorem 4. 22 Let (X, R) be a range space of VC-dimension D, let A be a finite subset
of X and suppose 0 < ε, δ < 1. Let N be a set obtained by m random independent draws
from A, where

m ≥ max
(4

ε
log

2

δ
,
8 · D
ε

log
8 · D
ε

)

then N is an ε-net for A with probability at least 1 − δ.

Combining Theorem 1 with Theorem 4 we obtain

Theorem 5. Let δ > 0 be an error probability parameter. Given a sequence of ADD and
REMOVE operations of points from the discrete space [∆]d, there is a data structure that
with probability 1−δ returns a setN ofO( log(1/δ)

ε + D
ε log

D
ε ) points that with probability

at least 1−δ is an ε-net of a range space (X, R) with VC-dimensionD. The algorithm uses
O

(
( log(1/δ)

ε + D
ε log

D
ε ) · d2 · log2(∆/δ)

)
space.

Proof : We use a random sample (with repetitions) as given by the data structure from
Theorem 1.We choose error probability parameter δ/3. Since the statistical difference from
the exact uniform distribution is at most δ/3, the error probability is at most δ/3, and a set
of size max

(
4
ε log

6
δ , 8·D

ε log 8·D
ε

)
is an ε-net with probability at least 1− δ/3, we get that

our sample is an ε-net with probability at least 1 − δ. !

4. Estimating the weight of a Euclidean Minimum Spanning Tree

In this section we will show how to estimate the weight of a Euclidean minimum spanning
tree in a dynamic geometric data stream. We denote by P = {p1, . . . , pn} the current point
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set. Further EMST denotes the weight of the Euclidean minimum spanning tree of the
current set.

We impose log1+ε(
√

d∆) square grids over the point space. The side lengths of the grid
cells are ε·(1+ε)i

√
d

for 0 ≤ i ≤ log1+ε(
√

d∆). Our algorithm maintains certain statistics of
the distribution of points in the grids. We show that these statistics can be used to compute
a (1 + ε)-approximation of EMST. Our computation is based on a formula from 14 for
the value of the minimum spanning tree of an n point metric space. Let G P denote the
complete Euclidean graph of a point set P and W an upper bound on its longest edge.
Further let c((1+ε)i)

P denote the number of connected components in G
((1+ε)i)
P , which is

the subgraph ofGP containing all edges of length at most (1+ε)i. Under these assumptions
we can write

1

1 + ε
· EMST ≤ n − W + ε ·

log1+ε W−1∑

i=0

(1 + ε)ic
((1+ε)i)
P

≤ EMST (1)

where n is the number of points in P. Instead of considering the number of connected
components in G

(t)
P for t = (1 + ε)i we first move all points of P to the centers of a

grid of side length ε·t√
d
. After removing multiplicities we obtain the point set P (t). Then

we consider the graph G(t) whose vertex set is P(t) and that contains an edge between
two points if their distance is at most t. Instead of counting the connected components in
G

(t)
P we count the connected components in G (t). It follows from Claim 4.1 that this only

introduces a small error. We denote by c(t) the number of connected components of G (t).
Then we get

Claim 4.1.

c
(1+ε)i+1

P ≤ c(1+ε)i

≤ c
(1+ε)i−2

P

Proof : Let us consider two arbitrary points p, q and the centers of their corresponding
cells p ′, q ′ in the grid graph G((1+ε)i). Recall that the corresponding grid has side length
ε·(1+ε)i

√
d

. Thus by moving p and q to the centers of the corresponding grid cells their
distance changes by at most ε · (1 + ε)i.

Now assume that p, q are in the same connected component inG
((1+ε)i−2)
P . Then they

are connected by a path of edges of length at most (1 + ε) i−2. If we now consider the
path of the corresponding centers of grid cells, then any edge of the path has length at most
(1+ε)i−2+ε·(1+ε)i ≤ (1+ε)i . Therefore,p ′, q ′ are in the same connected component
of the grid cell graph.

Assume that p and q are in the same connected component of the grid graphG ((1+ε)i).
They are connected by a path of edges of length at most (1+ε) i in the grid graphG((1+ε)i).
After switching to the point graph GP any edge of the corresponding path has a length of
at most (1 + ε)i + ε(1 + ε)i = (1 + ε)i+1. Therefore p and q are in the same connected
component of G((1+ε)i+1)

P . !
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We denote by n(t) = |P(t)| the number of non-empty grid cells of side length εt√
d
.

Our algorithm maintains approximations ñ, W̃, ñ(t), and c̃(t) (for t = (1 + ε)0, (1 +

ε)1, (1 + ε)2, . . . ) of the number n of points currently in the set, the diameter W, the
size n(t) of P(t), and the number c(t) of connected components in G(t), respectively. The
approximation is derived by inserting the maintained approximations into formula 1.

4.1. Required Data Structures

In the following we discuss the data structures we need to maintain our approximations.

Number of points. We observe that we can remember the value of n exactly by increas-
ing/decreasing ñ in case of an ADD/REMOVE operation.

Diameter. We show how to maintain an approximation W̃ ofW withW ≤ W̃ ≤ 4
√

dW,
where W is the largest distance between two points in the current point set. To do so, we
maintain an approximation W̃j of the diameter of the point set in each of the d dimensions
with Wj ≤ W̃j ≤ 4Wj, where Wj is the diameter in dimension j for 1 ≤ j ≤ d. The
maximum of the W̃j is our approximation W̃.

We will now show, how to maintain the diameter of the point set in dimension j. For
each i ∈ {0, ..., log∆}we introduce two one-dimensional gridsG i,1 andGi,2, each of them
having a side length of 2i. Gi,2 is displaced by 2(i−1) against Gi,1. Let gi,1 and gi,2 be
the number of occupied cells in the grid G i,1, Gi,2, respectively.

We use our Distinct Elements data structure from Section 3 to count the number of
grid cells containing a point. We only want to distinguish between the case g i,1 = 1 and
gi,1 > 1 (we assume that there is always at least one point in the set; otherwise the problem
becomes trivial).

If there is exactly one point in the current set we have g0,1 = 1 and g0,2 = 1 and the
diameter is 0. Otherwise, the diameter must be at least 1. Therefore in the finest gridsG 0,1

andG0,2 at least two cells are occupied, which means that g0,1 > 1 and g0,2 > 1. We now
find the smallest value i such that gi+1,1 = 1 or gi+1,2 = 1. In this case we know that
Wj ≤ 2i+1.

Since gi,1 > 1 and gi,2 > 1, we know that in both grids Gi,1 and Gi,2 at least two
cells are occupied. This means that the convex hull of the point set contains the border of
a cell in both grids Gi,1 and Gi,2. Since these cell borders have a distance of at least 2i−1

we have Wj ≥ 2i−1. Therefore, we can output W̃j = 2i−1 as a 4-approximation of the
diameter in dimension j.

Size of P(t). The problem to find an estimation ñ(t) of n(t) satisfying (1 − ε) · n(t) ≤
ñ(t) ≤ n(t) is equivalent to maintaining the number of distinct elements in a data stream.
This can be seen as follows. Once a point arrives we can determine its grid cell from
its position. Thus we can interpret the input stream as a stream of grid cells and we are
interested in the number of distinct grid cells. This can be approximated using an instance
of the Distinct Elements (DE) data structure of Section 3.
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The Sample Set. To approximate the number of connected components we have to main-
tain multisets S(t) of points chosen uniformly at random (with repetitions) from P (t). We
will use VR to denote the set of grid vectors of length at most R. For each point p ∈ S (t) we
maintain all points in the VR-neighborhood of p for some suitably chosen value R. Since
our input stream contains ADD and REMOVE operations of points from P rather than P (t)

we have to map every point from P to the corresponding point from P (t). This may have
the effect that P(t) becomes a multiset although P is not. This is no problem because our
procedure from Lemma 2 samples from the support of the vector (or, in this case from the
support of the multiset). Straightforward modifications of Corollary 4 shows that we can
also maintain the required sets S(t).

Having such a sample and the value ñ(t) we can use an algorithm from 9 to obtain the
number of connected components with sufficiently small error. This is proven in Section
4.2 using a modified analysis that charges the error in the approximation to the weight of
the minimum spanning tree. This way we get our estimation c̃(t) of c(t).

4.2. Computing c̃(t)

In this section we show how to compute our estimator c̃(t). To do this we will use our
sample set S(t). In the computation of the sample set S(t) we need to specify the value R.
We choose R := log(

√
d · ∆)2d+4

√
dε−2 · t.

Further we need in the following the value D = R/t. Our algorithm for estimating
c(t) works as follows. First, we check, if W̃ < 4εt. If that is the case, W < 4εt follows.
Therefore if we take an arbitrary sample point we know that every point of the current point
set is contained in the radius R. Therefore, we know the whole graphG (t) and can compute
c(t) exactly.

Thus let us assume W̃ ≥ 4εt. In this case our algorithm is essentially similar to the
one presented in 9, but our analysis is somewhat different. The difference comes from
the special structure of our input graphs G(t). We exploit the lower bound from Lemma
4 below to relate the error induced by our approximation algorithm to the weight of the
EMST.

Lemma 4. If W̃ ≥ 4εt then

EMST ≥ n(t)εt√
d2d+1

.

Proof : We distinguish between the case n(t) ≥ 2d+1 and n(t) < 2d+1. We start with
the case n(t) ≥ 2d+1. In this case we can color the grid cells using 2d colors in such
a way that no two adjacent cells have the same color. Since we have n (t) occupied cells
there must be one color c which is assigned to at least ) n(t)

2d * occupied cells. Notice that
)n(t)

2d * ≥ 2. These occupied cells are pairwise not adjacent, therefore any pair of points
that is contained in two distinct of these cells has a distance of at least ε·t√

d
. We can conclude

EMST ≥
(

n(t)

2d − 1
)

ε·t√
d
≥ n(t)εt√

d2d+1
.
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In the second case we getW ≥ εt√
d
≥ n(t)εt√

d2d+1
since W̃ ≥ 4εt. This implies the result.

!

We now present a description of our method to estimate c (t). The idea is pick a random
set of vertices (with repetition) and start a BFS with a stochastic stopping rule at each
vertex v from the sample to determine the size of the connected component of v. If the BFS
explores the whole connected component we set a corresponding indicator variable β to 1

and else to be 0. To implement this algorithm we can use our sample set S (t). The sample
set provides a multiset of points from P(t) chosen uniformly at random. It also provides all
other points within a distance of at most R = Dt. Since we consider only edges of length
at most t and since the algorithm below stops exploring a component when it has size D

or larger, the BFS cannot reach a point with distance more than R from the starting vertex.
Therefore, our sample set S(t) is sufficient for our purposes. We remark that the random
points from S(t) are not chosen exactly uniformly. We will choose the error probability
parameter in the sampling data structure in such a way that the deviation from the uniform
distribution is between (1 − ε) and (1 + ε) times its probability in the uniform distribution
(this means, we choose ε · δ/∆d). We take care of this fact in the analysis below. The
algorithm we use is given below.

APPROXCONNECTEDCOMPONENTS(P, t, ε)
Choose s points q1, . . . , qs ∈ P(t) uniformly at random
for each qi do

Choose integer X according to distribution Prob[X ≥ k] = 1/k

if X ≥ D then βi = 0

else
if Connected component of G(t) containing qi has at most X vertices
then set βi = 1

else set βi = 0

Output: ĉ(t) = ñ(t)

s ·
∑s

i=1 βi

Thus, βi is an indicator random variable for the event that the connected component
containingqi has at most X vertices. We first show upper and lower bounds on the expected
output value of the algorithm. Then we compute the variance and use it to show that the
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output is concentrated around its expectation. We obtain

E[βi] =
∑

conn. comp.
C in G(t)

Pr[qi ∈ C] · Pr[X ≥ |C| ∧ X < D]

≤
∑

conn. comp.
C in G(t)

Pr[qi ∈ C] · Pr[X ≥ |C|]

≤
∑

conn. comp.
C in G(t)

(1 + ε) · |C|

n(t)
· 1

|C|
= (1 + ε) · c(t)

n(t)
.

For the output value

ĉ(t) =
ñ(t)

s
·

s∑

i=1

βi

of our algorithm we obtain

E[ĉ(t)] ≤ ñ(t)

n(t)
(1 + ε)c(t) ≤ (1 + ε)c(t) . (2)

From

E[βi] =
∑

conn. comp.
C in G(t)

Pr[qi ∈ C] · Pr[X ≥ |C| ∧ X < D]

≥
∑

conn. comp.
C in G(t)

(1 − ε) · |C|

n(t)
·
(

1

|C|
−

1

D

)

≥ (1 − ε) ·
( c(t)

n(t)
−

1

D

)

and Lemma 4 we obtain

E[ĉ(t)] ≥ (1 − ε) · ñ(t)

n(t)

(
c(t) −

n(t)

D

)

≥ (1 − ε)2

(
c(t) −

EMST · 2d+1
√

d

εtD

)

≥ (1 − 2ε)

(
c(t) −

ε · EMST
8t log(

√
d · ∆)

)
. (3)

Our next step is to find an upper bound for the variance of ĉ (t). Since the βi are {0, 1}

random variables, we get:

Var[βi] ≤ E[β2
i ] = E[βi] ≤ (1 + ε) · c(t)

n(t)
.
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By mutual independence of the βi’s we obtain for the variance of ĉ(t) for fixed ñ(t):

Var[ĉ(t)] = Var[ ñ
(t)

s

s∑

i=1

βi]

=

(
ñ(t)

)2

s2
· s · Var[βi]

≤ (1 + ε) · (ñ(t))2

s
· c(t)

n(t)

≤ (1 + ε) · n(t)c(t)

s
.

Using (2) and (3) we obtain

|c(t) − E[ĉ(t)]| ≤ 2εc(t) +
3ε · EMST

8 · t · log(
√

d · ∆)
. (4)

We choose s, the number of sample points, as

s = (1 + ε)
22d+10 · d · log2(

√
d · ∆) · log1+ε(

√
d · ∆)

ε4
= O

(
log3 ∆

ε5

)
.

Chebyshev’s inequality and Lemma 4 imply:

Pr
[∣∣ĉ(t) − E[ĉ(t)]| ≥ ε · EMST

8 · t · log(
√

d · ∆)

]
≤ (1 + ε) · n(t) · c(t)

s
· 64 · t2 · log2(

√
d · ∆)

ε2 · EMST2

≤ (1 + ε) · 64 · d · 22d+2 · log2(
√

d · ∆)

s · ε4

≤ 1

4 log1+ε(
√

d · ∆)
.

Therefore we get together with (4):

Lemma 5. With probability 1 − 1
4 log1+ε(

√
d·∆)

we have

|ĉ(t) − c(t)| ≤ 2εc(t) +
ε · EMST

2 · t · log
(√

d · ∆
) .

It now follows that with probability at least 3/4 all c̃(t) values satisfy the inequality
in Lemma 5. It remains to sum up the overall error taking into account that we considered
connected components of the graph G (t) and not of the corresponding subgraph of GP.
Intuitively, the connected component of G (t) are sufficient because in each of the G(t) we
moved every point by at most εt which is small compared to the threshold edge length of
t.

Lemma 6. Let M̃ be the output of our algorithm. Then
∣∣EMST− M̃

∣∣ ≤ 69
√

d · ε · EMST .
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Proof : We will first show that our output value

M̃ := n − W̃ + ε

log1+ε W̃−1∑

i=0

(1 + ε)ic̃((1+ε)i)

is close to

Mp := n − W̃ + ε

log1+ε W̃−1∑

i=0

(1 + ε)ic((1+ε)i)
p

which is a (1 + ε)-approximation of the EMST value by equation (1). From Lemma 5 and
Claim 4.1 it follows that

(1 − 2ε)c((1+ε)i+1)
p −

ε · EMST
2(1 + ε)i log(

√
d∆)

≤ c̃((1+ε)i)

≤ (1 + 2ε)c
((1+ε)i−2)
P +

ε · EMST
2(1 + ε)i log(

√
d∆)

holds with probability at least 1 − 1
4 log1+ε(

√
d·∆)

. By a union bound and some calculation
we get with probability 3/4:

ε ·
log1+ε W̃−1∑

i=0

(1 + ε)ic̃((1+ε)i)

≥ ε · (1 − 2ε)

log1+ε W̃−1∑

i=0

(1 + ε)ic((1+ε)i+1)
p −

1

2
ε · EMST

≥ ε · (1 − 2ε)

log1+ε W̃∑

i=1

(1 + ε)i−1c((1+ε)i)
p − ε · EMST

≥ ε · 1 − 2ε

1 + ε

log1+ε W̃−1∑

i=0

(1 + ε)ic((1+ε)i)
p −

ε(1 − 2ε)

1 + ε
n − ε · EMST

≥ (1 − 4ε) · ε
log1+ε W̃−1∑

i=0

(1 + ε)ic((1+ε)i)
p − εn − ε · EMST

and
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ε ·
log1+ε W̃−1∑

i=0

(1 + ε)ic̃((1+ε)i)

≤ 1

2
ε · EMST+ ε

log1+ε W̃−3∑

i=−2

(1 + ε)i+2(1 + 2ε)c((1+ε)i)
p

≤ ε · EMST+ ε(1 + ε)2(1 + 2ε)

log1+ε W̃−1∑

i=0

(1 + ε)ic̃((1+ε)i)
p + 2ε(1 + ε)(1 + 2ε)n

≤ (1 + 11ε) · ε
log1+ε W̃−1∑

i=0

(1 + ε)ic
((1+ε)i)
P + 12εn + ε · EMST

which gives us (together with W̃ ≤ 4
√

d·EMST andn ≤ EMST) a bound on the difference
ofMP and M̃:

∣∣∣MP − M̃
∣∣∣ ≤ 11ε2

log1+ε W̃−1∑

i=0

(1 + ε)ic
((1+ε)i)
P + 12εn + ε · EMST

= 11ε(MP − n + W̃) + 12εn + ε · EMST
≤ 24ε · EMST+ 44ε

√
d · EMST

By the triangle inequality and (1) we get the final result:
∣∣∣M̃ − EMST

∣∣∣ ≤
∣∣∣M̃ − MP

∣∣∣ + |MP − EMST|

≤ 24ε · EMST+ 44ε
√

d · EMST+ ε · EMST
≤ 69ε

√
d · EMST

!

From this lemma our final result follows immediately using standard amplification tech-
niques to ensure that the estimation is correct at every point of time.

Theorem 6. Given a sequence of insertion/deletions of points from the discrete d-
dimensional space {1, . . . , ∆}d there is a streaming algorithm that uses O(log(1/δ) ·
(log(∆)/ε)O(d)) space and O(log(1/δ) · (log(∆)/ε)O(d)) time (for constant d) for each
update and computes with probability 1 − δ a (1 + ε)-approximation of the Euclidean
minimum spanning tree. ,-

5. Conclusions

In this paper we showed how to maintain a random sample of a point set in a dynamic
data stream. We applied our method to obtain ε-nets and ε-approximations of range spaces
with small VC dimension and to maintain a (1 + ε)-approximation of the weight of the
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minimum spanning tree. As random sampling and ε-approximations are powerful tools in
computational geometry we believe that our techniques have many other applications.

The space used by our algorithm for maintaining ε-approximations, i.e., roughly
O(1/ε2), is essentially optimal as a function of ε. This is because it is known that, for
some range spaces, the size of ε-approximations tends to 1/ε2 as the VC dimension tends
to infinity. However, for some range spaces smaller ε-approximations can be constructed,
even for points delivered in an insertions-only stream. For example 31 showed how to com-
pute ε-approximations, for ranges defined by halfspaces in d dimensions, of size roughly
O(1/ε2−2/(d+1)). We do not know how to extend this result to dynamic data streams.

Another intriguing question is as follows. Suppose that the goal of the data stream
algorithm is not to compute an actual ε-approximation, but simply to construct an “ap-
proximation oracle” which, given any range R, returns a value |P∩R|

|P| ± ε, with probability
1 − δ for some δ > 0. Note that maintaining an ε-approximation is a particular way of
implementing such an approximation oracle, but other methods for its construction might
conceivably exist. Is it possible to construct an approximation oracle for some family of
ranges, whose space requirement, as a function of ε, is asymptotically smaller than the
size of an ε-approximation ? E.g., is it possible to construct an oracle for halfspaces in d

dimensions which uses 1/ε2−2/(d+1)−α space for some α > 0 ? We conjecture that this
is not possible; however, we do not know how to show this.

Finally, we remark that our sampling approach provides an approximation oracle using
space that is roughly quadratic in 1/ε, even for range spaces with arbitraryVC dimension c.
Without limiting the VC dimension of the range space, the quadratic dependence on 1/ε is
tight. Specifically, if the ranges are allowed to be arbitrary subsets of the universe X (i.e.,
if the VC dimension of the range space is equal to |X|), then the quantity |R ∩ P| is simply
equal to v(R) · v(P), where v(R) (and v(P), resp.) is a characteristic vector of R (and P,
resp.). It is known 27 that, for |P| = Θ(|X|), any streaming algorithmwhich estimates such a
dot product with error±ε|X| requiresΩ(1/ε2) space. Thus, for unboundedVC dimension,
ourO(1/ε2) bound is tight.
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